We investigate the interplay between the (light-light quark) chiral condensate and heavy-light quark condensate induced by the QCD Kondo effect, which is described by an effective Lagrangian with four-point interactions and the mean-field approximation. We find that the appearance of Kondo condensates decreases the critical chemical potential of the chiral condensate. In the region near the critical chemical potential, a coexistence phase with two kinds of condensates can appear. The behavior of such an interplay at finite temperature and with nonzero current light-quark mass is also discussed.
I. INTRODUCTION
The Kondo effect is one of the most well-known subjects in condensed matter physics: it manifests itself as transport properties of conduction electrons in a metal, including localized heavy impurities [1] [2] [3] [4] . In hadron and nuclear physics-which should be described by QCDsimilar situations appear, such as the isospin Kondo effect [5, 6] and QCD Kondo effect [5, [7] [8] [9] [10] [11] [12] [13] , which are mediated by isospin-and color-exchange interactions, respectively. 1 These new types of Kondo effects can be related to the transport and thermodynamic properties of dense nuclear/quark matter with heavy impurities. Thus, they are relevant for realistic observables in compact stars and heavy-ion collisions at FAIR, NICA, and J-PARC, where nuclear/quark matter exists and heavy hadrons/quarks can be created through high-energy processes such as cosmic neutrino flux and nucleon-nucleon collisions.
The Kondo effect in a simple situation can be described by perturbation theory. It is derived from loop effects in relatively high-energy scattering between a light fermion and a heavy impurity; then, the infrared divergence of the scattering amplitude indicates the drastic change in the transport properties (e.g., electric conductivity). On the other hand, to describe the "nonperturbative" region of the Kondo effects is a somewhat challenging problem, where one has to utilize some theoretical techniques such as mean-field approximations.
In our previous works [9, 13] , we investigated the QCD Kondo effect by focusing on the roles of the colorexchange interaction between a light quark and a heavy quark impurity. As a mean-field approximation for the QCD Kondo effect, we suggested the heavy-light quark condensate (Kondo condensate) as a color-singlet ground state of a quark matter which contains heavy-quark impurities. Although the Kondo condensate can appear in a wide range of light-quark chemical potentials [9, 13] , it would be affected by other QCD effects which were not considered in the previous works. In Ref. [11] , the competition with the color superconducting phase [15] which can be realized in high-density quark matter-was discussed. On the other hand, at lower density near the confining phase, its behavior is still unknown. In fact, in such a region a condensate composed of a light quark and its light antiquark (that is, a chiral condensate) is realized, and it is the most essential property of the lowenergy region of QCD [16, 17] .
In this paper, to focus on the QCD Kondo effect in low-density quark matter, we investigate the interplay between the usual chiral condensate and the Kondo condensate. We will show that the Kondo condensate with a strong enough heavy-light interaction can drastically affect the chiral condensate, and our main findings are the exclusion effect of the chiral condensate and the appearance of a coexistence phase between the condensates. Such an investigation could be useful for the search for the chiral phase transition through medium modification of heavy hadrons-such as D, D s , and B mesons in nuclear matter [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] (see Ref. [28] for a recent review)-and for the evaluation of the "nonperturbative" aspect of the QCD Kondo effect near the critical density. This paper is organized as follows. In Sec. II, we formalize the mean-field approach to describe both the Kondo and chiral condensates. In Sec. III, the numerical results for the phase diagram of quark matter including the two kinds of condensates are shown. Section IV is devoted to our conclusion and perspective. The Lagrangian includes light-quark fields ψ ≡ (ψ
where m Q and v µ = (1, 0) are the heavyquark mass and heavy-quark four-velocity at rest, respectively [29, 30] (see Refs. [31, 32] for reviews). The Lagrangian with the color-current interaction inspired by QCD is given by
where T a = λ a /2 are the generators of color SU(N c ) and the color indices (a = 1, . . . , N where E p = p 2 + M 2 , and M and ∆ are the constituent quark mass (or chiral condensate) for light flavors and the gap of the Kondo condensate, respectively. Here, the i light flavors ψ i couple with the heavy flavor. In this work, we assume i = 1 for N f = 2. Note that, by taking M → 0, we can confirm that this form agrees with the case of massless light flavors in the previous work [13] .
From the original Lagrangian (2) and the mean-field approximations (3)- (5), we can write down the meanfield Lagrangian. Here, it is convenient to define the following notation:
where the heavy-quark field Ψ v was projected to the positive-energy (two-spinor) component Ψ v defined by
Using the notation (6), the mean-field Lagrangian is rewritten in the following compact form:
where G(p 0 , p ) −1 is the inverse propagator for the field φ.
For N f = 1, the inverse propagator is given by
where the 3×3 matrix is the two-component form of Dirac gamma matrices and the one component of the heavy-quark field. By taking det G(p 0 , p ) −1 = 0, we obtain the dispersion relation for N f = 1:
For N f ≥ 2, we assume that only the first light flavor ψ 1 couples to the heavy flavor, as we mentioned before [see Eqs. (4) and (5)]. 4 Then the inverse propagator is given by
By taking det G(p 0 , p ) −1 = 0, we obtain the energy-momentum dispersion relations for N f flavors as follows:
D. Thermodynamic potential
The thermodynamic potential at finite temperature T is given by
4 As another choice for N f ≥ 2, we may couple both ψ 1 and ψ 2 to the heavy flavor Ψv. Then we obtain the following dispersion relation for heavy-light mixing modes:
This setup for massless light flavors was used in our previous work [9] . We emphasize that such different definitions of the Kondo condensate lead to the same minimum of the free energy of the system. In other words, all of the choices for N f = 2, ψ 1 Ψv , ψ 2 Ψv , and ψ 1 Ψv + ψ 2 Ψv , are degenerate as the ground state. In fact, in real QCD, since the up and down quarks are slightly different from each other, either of the light flavors could be favored by slight differences, such as the current quark mass and electric charge. In such a case, the Kondo condensate in which only one light flavor couples to the heavy quark (as formalized in the main text) will be useful.
where the factor 2N c in front of the integral comes from the chirality and color for the light quarks, and
From the minimization of Eq. (17) at fixed T , µ, and λ, we can obtain the values of ∆ and M . Finally, we set the parameters as G= 2(9/2)/Λ 2 , Λ = 0.65 GeV, and N c = 3, as usual in NJL model studies of light flavors with N f = 2 [34] . These parameters were determined so as to reproduce the experimental values such as the pion mass and pion decay constant in vacuum. On the other hand, we do not know parameters for the heavy-light sector because the heavy-light coupling constant G Qq at finite density can be drastically changed by the QCD Kondo effect. 5 In this work, we treat G Qq as a free parameter.
III. NUMERICAL RESULTS

A. Results at
The numerical results for µ dependences of chiral and Kondo condensates at T = 0 and λ = 0 are shown in Fig. 1 . We show the results for both the N f = 1 and N f = 2 cases, where the value of the heavy-light coupling constant is controlled as G Qq = 2G, Gor 0.5G. From these figures, our findings are as follows:
1. The critical chemical potential of the chiral condensate µ χ c , which characterizes the chiral phase transition at finite density, is pushed down by the Kondo condensate. For instance, when G Qq = 0 and the Kondo condensate cannot be formed, we find µ χ c = 0.2765 GeV, which is nothing but the result from the usual NJL model. With increasing G Qq , the magnitude of the Kondo condensate becomes larger, and µ χ c becomes smaller. At G Qq = 2G, we see that µ χ c decreases by a few tens of MeV as shown in Fig. 1 . Therefore, we conclude that the chiral condensate near the critical chemical potential is inhibited by the presence of a strong Kondo effect. 5 As an alternative approach, the heavy-light coupling constant in vacuum can be determined from the experimental values for D mesons in vacuum as in Refs. [19, [37] [38] [39] . However, in this work we do not use such parameters to focus on the QCD Kondo effect at finite density. In fact, since we do not know reliable values of the coupling constants G Qq and Gqq at finite density, we cannot compare these coupling constants. Naively, the typical interaction range of light-light quark scattering is larger than that of heavy-light scattering. Therefore, the former is more strongly affected by finite-density effects including Pauli blocking between light quarks, so that the coupling constant Gqq in the effective model can be smaller than G Qq . Thus, the situation of G Qq > Gqq at finite density might be realized.
2. The coexistence phase of chiral and Kondo condensates appears near µ χ c . Here, such a phase corresponds to the nonzero values of ∆ and M in the minimum of the thermodynamic potential Ω(µ; ∆, M ) at a value of µ. For G Qq = G, the impact of such a phase is not so large, and the phase transitions of the chiral and Kondo condensates occur at almost the same µ.
3. We discuss the difference between N f = 1 and N f = 2. In particular, for N f = 2, the exclusion of the chiral condensate is weaker than in the N f = 1 case. In other words, the critical chemical potential shows µ µ than in the N f = 1 case. An intuitive picture is given as follows (see also Fig. 2 ). For N f = 2, we assumed that only the first light flavor ψ 1 couples with the heavy flavor Ψ v . Therefore, its chiral condensate, ψ 1 ψ 1 , can be excluded by the Kondo condensate, ψ 1 Ψ v , while the chiral condensate for another light flavor, ψ 2 ψ 2 , is not affected. As a result, the Kondo condensate for the first light flavor can coexist with the chiral condensate for the second one, which can induce the wider range of the coexistence phase.
4. If we neglect M at T = λ = 0, the Kondo condensate appears through the second-order phase transition with increasing µ [9, 11] . For finite M , the order of the transition to the coexistence phase is second order, and that to the Kondo phase becomes first order.
At the end of this subsection, we provide an intuitive picture of the exclusion effect on the chiral condensate by the Kondo condensate. In the absence of the Kondo condensate, the chiral condensate at large µ < µ χ c is formed by the pairing between a quark near the Fermi surface and its antiquark, as shown in the left panel of Fig. 3 . As a result, the massless quark and its antiquark obtain an effective mass M , and their dispersion relations become E(p) andẼ(p), respectively. Furthermore, at µ > µ χ c , a nonzero chiral condensate (or M ) becomes disfavored by the term proportional to M 2 in the thermodynamic potential (17) .
Next, when the Kondo condensate appears and the gap ∆ becomes finite, the dispersion of the massless light quark is separated into the lower and upper modes, E − (p) and E + (p), as quasi-(or mixed) particles by the coupling with a heavy quark, as shown in the right panel of Fig. 3 . Then the dispersion of the lower mode is inside the Fermi sphere, where the particles cannot form the chiral condensate due to Pauli blocking. At the same time, the dispersion of the upper mode is lifted above the Fermi surface by the mixing (or level repulsion). Then, the particles have energy larger than the Fermi surface by the order of ∆. When the energy is large enough, the chiral condensate is disfavored. However, in such a situation, the exclusion effect is not so trivial, and the chiral condensate could be formed. If any pairing between an upper mode and an antiparticle is possible, then it may imply the coexistence of chiral and Kondo condensates. Thus, both the lower and upper modes newly induced by the appearance of the Kondo condensate are not suitable for the formation of the chiral condensate.
B. At T = 0
In this subsection, we focus on the thermal behaviors. The results at T = 5 MeV and λ = 0 are shown in Fig. 4 . Our findings are as follows:
1. The order of the transition to the Kondo phase becomes the first order due to the thermal effect [11] .
2. For a smaller coupling (even at G Qq = G), the Kondo condensate is suppressed by the thermal effect, and the onset chemical potential µ to the magnitude of the gap ∆ < 10 MeV. In such a situation, µ χ c < µ K c , and the Kondo condensate cannot contribute to the chiral condensate.
3. For a strong coupling G Qq = 2G, the chiral condensate can be affected by the Kondo condensate. The exclusion of the chiral condensate for N f = 2 by the Kondo condensate becomes weaker than that in the N f = 1 case, as discussed at T = 0. The coexistence phase disappears due to the first-order transition of the Kondo condensate.
Finally, we summarize the phase diagram on the T -µ plane at λ = 0 and G Qq = 2Gfor N f = 2 in Fig. 5 . 
C. At λ = 0
Next we focus on the region of finite λ > 0. 6 In the (usual) light-quark matter with λ = 0, the energy necessary to generate a static heavy quark, is the heavy quark mass m Q . On the other hand, a nonzero λ corresponds to the energy necessary to put a virtual component (or residual momentum) of a static heavy quark into the system. Therefore, in light-quark matter with λ = 0, the generation of a static heavy quark participating in the Kondo condensate requires not only the heavy quark mass m Q but also an additional energy shift compensating λ.
The results at λ = 1 MeV and T = 0 are shown in Fig. 6 . At finite λ > 0, the order of the phase transition of the Kondo condensate becomes first order [9, 11] . If the Kondo condensate is small (the coupling constant G Qq is small enough), the critical chemical potential of the Kondo condensate becomes larger than that of the chiral phase transition, µ 
D. Current light-quark mass effect
We investigate effects of light flavors with a finite current quark mass in the Kondo condensate. For simplicity, let us neglect the chiral condensate and replace M by the current light-quark mass m 1 (or m 2 ) of ψ 1 (or ψ 2 ). Then, using Eqs. (10), (11) , and (14)- (16), the dispersion relations of massive light flavors can be written as
These dispersion relations are put into the thermodynamic potential (17): we use Eqs. (19) and (21) N f = 1, and Eqs. (19)- (22) for N f = 2.
The numerical results are shown in Fig. 7 . Our findings from this figure are as follows:
1. The inclusion of a current light-quark mass suppresses the magnitude of the Kondo condensate. Such an effect is the same as that of the chiral condensate.
2. The effect of the current light-quark mass is quite small for up and down quarks with m u,d < 10 MeV, and even strange quarks with m s ∼ 100 MeV can form the Kondo condensate. Such a conclusion might be important in the sense that, in the two-flavor colorsuperconducting phase with heavy-quark impurities, strange quarks which do not participate in the (light) quark-quark pairing can induce the Kondo condensate due to the coupling to heavy quarks.
3. For N f = 2, we checked some patterns of (m 1 , m 2 ). We found that the result for (m 1 = 0, m 2 = 100 MeV) agrees with that of N f = 1 at m 1 = 0. On the other hand, the result for (m 1 = 100 MeV, m 2 = 0) is the same as that of N f = 1 at m 1 = 100 MeV. This is because we assumed that only the first light flavor is coupled to the heavy flavor. The second flavor does not couple to the heavy flavor [see Eq. (13)], so its current mass never contributes to the Kondo condensate.
4. Including a finite light-quark mass does not change the order of the phase transition with increasing µ. This situation is the same as that of the chiral condensate.
IV. SUMMARY AND OUTLOOK
In this paper we investigated how the heavy-light quark condensate induced by the QCD Kondo effect affects the chiral condensate. As a result, we found a decrease of the critical chemical potential for the chiral phase transition and the coexistence phase of Kondo and chiral condensates.
We emphasize that our analyses indicate that the nonperturbative region of the QCD Kondo effect can modify the properties of the chiral condensate near the critical density. These effects can affect the transport and thermodynamic observables in high-density matter with heavy quarks/hadrons, such as that created by lowenergy heavy-ion collisions at FAIR, NICA, and J-PARC. In particular, since D, D s , and B mesons are promising probes of chiral symmetry restoration at high density [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , the competition with the Kondo condensate would play an important role in their observables.
We comment on the coupling constants of our model, G Qq and G. In this study, we checked the three cases of G Qq > G, G Qq = G, and G Qq < Gwith Gfixed in vacuum. Among them, we showed that the larger heavy-light coupling can most clearly induce visible interplay effects. To go beyond the current approach, one may consider µ-dependent coupling constants, but this would lead to serious artifacts of the model with the four-point interactions. A more careful treatment of the interaction vertices at finite density will be needed for more quantitative studies, where the gluon exchange should be considered as explicit degrees of freedom in the interaction between two quarks.
Also, we comment that the color-superconducting phase is important for investigating the Kondo condensate. In Ref. [11] , a competition between the Kondo and color-superconducting phases was investigated, and it was found that the Kondo condensate will be suppressed by a paring of light quarks. However, it should be noted that the magnitude of the color-superconducting gap depends on the diquark coupling constant, which is not so reliable in effective models, and further detailed investigations are required in the future. For example, in Ref. [36] the color-superconducting gap was known to be ∆ CS = 140 MeV at µ = 500 MeV, which is comparable with the magnitude of the Kondo condensate in this work. In particular, near the critical chemical potential, an investigation of the competition (or coexistence) of the Kondo, chiral, and diquark condensates would also be interesting.
